When analysing the problem of the positioning accuracy of robot manipulators it is important to know how far random deviations of the hand may be from the desired position if the joint positioning errors possess a normal distribution. Two methods of determining the ellipses and ellipsoids of probability concentration are compared. The first of them is based on the standard procedure of the probability calculus. The second approximate method consists in finding at first the polygon or polyhedron of the positioning accuracy, and then in finding the ellipse or ellipsoid with principal axes and second order moments coinciding with those of the polygon or polyhedron, respectively. Examples of application demonstrate that these two methods give very close results.
Introduction
Small changes in the position of the hand of a manipulator are caused among others by inevitable small random deviations Aqi from the desired (nominal)joint coordinate qi ~ In the case ofa revolute joint the deviation Aqi corresponds to a small random rotation AO~ with respect to the desired joint positioning angle 0~ ~ In the case of a prismatic joint Aqi corresponds to a small random linear deviation Al~ from the desired joint positioning distance l~ ~ It is important to know how far the random deviations from the desired position of the hand may be if the joint positioning errors possess Gaussian distributions during the repeated cycles of manipulator's movement.
Following the paper by Kumar and Waldron [1] three sources of positioning errors may be distinguished:
1. Errors in positioning the joints accurately. 2. Dynamic errors due to elastic deflections of individual members of the manipulator. 3. Mechanical clearance in the system.
In the present paper only errors in positioning the hand accurately due to the random Gaussian errors in positioning the joints will be accounted for. A particular positioning error of the hand may be represented by a displacement vector whose components represent deviations from the desired coordinates of the hand. Since the joint positioning errors are random magnitudes in each of the repeated cycles, the end point of such a vector will have different random coordinates for each cycle of manipulator's movement. Analysing a large number of repeated cycles we have to deal with the problem of the probability concentration of the distribution of the end points of all random error displacement vectors. Archive of Applied Mechanics 63 (1993) For manipulators operating in two dimensions the probability concentration may be represented by a certain ellipse of equal probability. For a more general case when the manipulator operates in three dimensions the probability concentration may be represented by a certain ellipsoid of equal probability. The problem of determining such ellipsoids for robot manipulators has been shortly mentioned by Antshev et al. [2] . A more detailed study was presented by Szczepifiski and Wesotowski [3] . In the following a comparison of two theoretical methods of determining the ellipses and ellipsoids of probability concentration of the positioning accuracy of robot manipulators is presented.
The hand positioning errors are assumed to be caused by small random errors in joint positions. A joint position error is treated as a small random rotation or displacement from the desired position of the joint. The errors Aqi in joint position are assumed to be distributed during the repeated cycles of manipulator's movement according to the Gaussian distribution. The density of probability that the joint positioning error is of the magnitude Aqi is
where ai is the standard deviation whose value depends on the accuracy of the joint in question labelled by the index i.
In the present work we shall use two approximate theoretical procedures for determining the ellipses and ellipsoids of probability concentration. The first direct procedure is based on the standard methods of the mathematical theory of statistics. The second indirect procedure proposed in the previous paper [3] is based upon the concept of the polygons or the polyhedrons of the positioning accuracy. A number of working examples have been solved with the use of these two procedures, and then the results have been compared. It can be seen that both procedures give very close results. Thus both of them are of practical significance.
Manipulators with two-dimensional movements
Now we shall analyse the positioning accuracy of manipulators operating in two dimensions. Let us assume a Cartesian coordinate system X, Y. Any position of a chosen reference point of the manipulator's hand is defined by its two coordinates. Each of them is a certain function of the joint position parameters qi = qi ~ + Aqi. Thus we can write X = X (ql, q2,..., qn) , Y = Y(ql, q2,..., q,) .
To analyse the hand positioning errors we shall use a local Cartesian coordinate systems x, y, with the axes parallel to the corresponding axes of the basic system X, Y and the origin at the desired position of the reference point of the hand. The hand positioning error will be represented by a displacement vector v with the components 
